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The Taylor dispersion of a solute is studied in a core–annular geometry. The fluid flows
only through the core, but the solute can diffuse into the solid annulus. The long time limit
of the dispersion coefficient D* is derived by a regular expansion in the aspect ratio for
two different scalings of the Biot number (Bi), which is the dimensionless interfacial
mass-transfer resistance. The results for the case of O(1) Bi match those obtained by Aris
and a number of other researchers. In the case of O(�) Bi, where � is the aspect ratio, the
average mass-transfer equations for the core and the annulus are coupled and do not
simplify to a simple convection–dispersion form. The average mass-transfer equations are
derived for two velocity profiles: Poiseuille flow and plug flow. The dispersion coefficient
for the limiting case when both the core and the annulus are radially well mixed at all
times is also determined for the case of O(1) Bi. For O(1) Bi, the dispersion of the solute
arises as a result of molecular diffusion, interfacial mass-transfer resistance, and con-
vective flow, and the contribution from interfacial mass-transfer resistance is independent
of the velocity profile. This dispersion coefficient reduces to the classical result of fluid
flow through a tube in the limit of vanishing annulus thickness and also for the case when
the solute has zero solubility in the solid. The core–annular geometry mimics the Krogh
cylinder, which is a model used for analyzing mass transfer from capillaries into
surrounding tissue. The model predictions for the dispersion coefficients in different
tissues agree reasonably with the experimentally reported values, and the agreement is the
best for muscles, where the Krogh cylinder model is expected to most closely resemble the
actual physiology. © 2005 American Institute of Chemical Engineers AIChE J, 51: 2415–2427,
2005
Keywords: Taylor dispersion, core–annular flow, transport in capillaries and tissues,
mass transfer, Poiseuille flow, plug flow, Krogh cylinder

Introduction

The transport of solutes in geometries with large aspect
ratios can usually be described in terms of an effective disper-
sion coefficient, frequently referred to as the Taylor dispersion
coefficient, which quantifies the spread of a pulse of solute in
the axial direction. Aris first modeled the problem of dispersion
in a tube for a Newtonian fluid and obtained the classical result

that the dispersion coefficient, D*, is given by D � (�u�2R2)/
48D,1 where D, �u�, and R are the molecular diffusivity, the
mean fluid velocity, and the tube radius, respectively. Since
then, many researchers have studied dispersion of various
classes of fluids in several geometries and in different time
regimes. It has since been shown that the Taylor dispersion
coefficient is the long-time asymptotic limit of the generalized
dispersion coefficient and is valid only at times that are much
greater than the time the solute requires for equilibration in the
lateral direction.2-4 A number of important problems in chem-
ical and biomedical engineering concern geometries with as-
pect ratios in which the convective timescales for axial flow are
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much larger than the lateral equilibration time. In such prob-
lems, the Taylor limit of the dispersion coefficient is relevant.

In this paper we determine the Taylor dispersion coefficient
in a core–annular geometry where the fluid flow is restricted to
the core and the solute diffuses into the solid annulus. Aris first
solved this problem by using the method of moments. He
developed both the general expressions that are valid for any
velocity profile in the core and the annulus and the expression
for some special cases, including the case of Poiseuille flow in
the core and no-flow in the annulus.5 Levitt recognized that the
core–annular geometry considered by Aris is identical to the
geometry of the Krogh cylinder that is used to model the
microcirculation and capillary-tissue exchange kinetics. Levitt
modeled the capillary-tissue exchange of solutes by using
Aris’s results and also recognized that in certain cases Aris’s
model might not be applicable in the capillary-tissue system
because of finite capillary lengths and relatively small capillary
wall permeabilities to certain solutes. Based on the perturbation
approach proposed by Gill and Sankarasubranium,3 Tepper et
al. modified Aris’s results to include the time dependency of
the dispersion coefficient for plug flow in the capillary.6 These
results can be applied in cases where Aris’s results are not valid
because of differences between the geometry of the Krogh
cylinder and the infinite geometry considered by Aris. In par-
ticular, Tepper et al. suggested that for capillary wall perme-
abilities � 10�5 cm/s, the time dependency of the dispersion
coefficient is important, and Aris’s results cannot be used. In
their analysis, Tepper et al. indicated that the physical signif-
icance of the perturbation parameters is not simple and that, for
a given set of parameters, it is a priori not clear whether Aris’s
results are sufficient or the time-dependent coefficients need to
be used.

In this paper we obtain the dispersion coefficient for a
core–annular geometry with an interfacial mass-transfer resis-
tance by using a perturbation expansion in the aspect ratio. This
method allows for easy determination of the regimes in which
the results are applicable. We first consider solutes with small
interfacial mass-transfer resistance and recover Aris’s results.
Additionally, we consider the case of large interfacial mass-
transfer resistance and show that this problem can also be
solved effectively by the method of perturbation expansion in
the aspect ratio.

In the next section, the expressions for the average mass-
transfer equations are obtained for the entire range of interfa-
cial mass-transfer resistances. Two different velocity profiles in
the tube are considered: Poiseuille and plug. Next, for the case
of small interfacial mass-transfer resistance, the dispersion
coefficients are separated into contributions from effective
molecular diffusion, interfacial mass-transfer resistance, and
convection. The mechanisms that contribute to each of these
are discussed. Asymptotic expressions for the dispersion coef-
ficients are derived to elucidate the various mechanisms and the
associated timescales that contribute to dispersion. Addition-
ally, the dispersion coefficient resulting from flow through a
channel surrounded on each side by a solid, which is the
two-dimensional (2D) equivalent of core–annular flow, is de-
termined. Exact and asymptotic expressions are also derived
for this geometry to understand the timescales that lead to the
dispersion. Next, the effect of various physical parameters on
dispersion is investigated for core–annular Poiseuille flow, and
the differences in dispersion between Poiseuille and plug flows

are examined. Finally, the relevance of core–annular flow to
transport of solutes in the capillaries is discussed, and the
theoretical results are compared with some experimental val-
ues.

Dispersion Analysis
Governing equations

The core–annular geometry, consisting of a tube surrounded
by a solid annulus, is shown in Figure 1. The inner and outer
cylinders are of radii R and aR, respectively. The diffusion
coefficients of the solute in the fluid and in the solid annulus are
D and Dt, respectively.

The transport of solute in the tube and the annulus is gov-
erned by the convection–diffusion equations, which are

�C

�t
� uz

�C

� z
� D�1

r

�

�r �r
�C

�r � �
�2C

� z2� (1)

and

�Ct

�t
� Dt�1

r

�

�r �r
�Ct

�r � �
�2Ct

� z2 � (2)

In the above equations uz is the velocity of fluid in the tube in
the z-direction, and C and Ct are the solute concentrations in the
fluid in the tube and in the annulus, respectively. Herein we
assume that there is no convection in the annulus and that the
radial flux of the solute at the outer boundary (that is, at r � aR)
is zero.

Method of solution

Small Interfacial Mass-Transfer Resistance: O(1) Bi. To
facilitate solving Eqs. 1 and 2, it is convenient to introduce a
pulse of solute at t � 0 at a certain spatial location and follow
the pulse in time. The pulse moves in the axial direction with
a velocity u� and disperses into a Gaussian shape with a dis-
persion coefficient D* (Figure 2). We reformulate the problem
in a reference frame moving in the z-direction with a mean
velocity u� , so that z* � z � u� t, where z* is the axial coordinate
in the moving reference frame.

We dedimensionalize the governing equations as follows:

t̃ �
tD

L2 ũz �
�u�

uz
z̃* �

z*

L
r̃ �

r

R
u�̃ �

u�

�u�

C̃ �
C

C*
C̃t �

Ct

C*
D̃* �

D*

D
(3)

Figure 1. Tube–annulus geometry.
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where L is the length of the tube, R is the radius of the tube, �u�
is the average velocity of the fluid in the tube, and C* is a
reference concentration. Because we are interested only in the
long-time asymptotic limit of the dispersion, time has been
dedimensionalized by L2/D. Additionally, we define a small
dimensionless perturbation parameter � � R/L and the Peclet
number as Pe � �u�R/D.

The dimensionless forms of Eqs. 1 and 2 in the moving
reference frame are

�C̃

�t�
�

Pe

�
�ũz � u�̃�

�C̃

� z̃*
�

1

�2

1
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�

�r̃ �r̃
�C̃

�r̃� �
�2C̃

� z̃*2 (4)

and

�C̃t

� t̃
�
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�
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�C̃t

� z̃*
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1

�2
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D

1
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�

�r̃ �r̃
�C̃t
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Dt

D

�2C̃t
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In the above equations, u�̃ is an unknown constant, which
must be found before D* can be determined. Equations 1 and
2 are subject to the following boundary conditions:

(1) At the center of the tube, r̃ � 0, the concentration is
finite or, equivalently, �C̃/�r̃ � 0.

(2) We assume that the tube–annulus interface offers a
resistance to solute transport characterized by a mass-transfer
coefficient, �. We neglect solute adsorption at this interface, so
that the radial flux of solute is continuous. It follows that the
boundary condition at r̃ � 1 is ��C̃/�r̃ � �(Dt/D)(�C̃t/�r̃) �
Bi(KC̃ � C̃t), where K is the solute’s partition coefficient
between the tube and surrounding annulus, and Bi is the
dimensionless mass-transfer coefficient, given by �R/D.

(3) There is no flux out of the annulus at the perimeter of the
tube, that is, �C̃t/�r̃ � 0 at r̃ � a.
Because � �� 1, we expand C̃ and C̃t in regular expansions as
follows:

C̃ � C̃0 � �C̃1 � �2C̃2 � · · · (6)

C̃t � C̃t0 � �C̃t1 � �2C̃t2 � · · · (7)

We now substitute the above expansions into Eqs. 4 and 5,
and use the boundary conditions to solve these equations to
various orders of �.

● O(1/�2)

To O(1/�2), Eqs. 4 and 5 are

0 �
1

r̃

�

�r̃ � r̃
�C̃0

�r̃ � (8)

0 �
1

r̃

�

�r̃ � r̃
�C̃t0

�r̃ � (9)

Equations 8 and 9 along with the boundary conditions yield C̃t0

� KC̃0. Thus, the leading order concentrations in the tube and
the annulus do not vary in the radial direction and are in
equilibrium.

● O(1/�)

To O(1/�), Eqs. 4 and 5 become

Pe�ũz � u�̃�
�C̃0

� z̃*
�

1

r̃

�

�r̃ �r̃
�C̃1

�r̃ � (10)
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�C̃t0

� z̃*
�
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D
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�C̃t1

�r̃ � (11)

The constant u�̃ is obtained by multiplying Eqs. 10 and 11 byr̃,
integrating Eq. 10 from r̃ � 0 to r̃ � 1, integrating Eq. 11 from
r̃ � 1 to r̃ � a, and then adding the two resulting equations. By
following these steps and applying the boundary conditions, we
obtain the following equation:

�
0

1

ũzr̃dr̃ �
1

2
	1 � K�a2 � 1�
u�̃ (12)

Because

�u� �

2 �
0

1

uzrdr

R2

�0
1 ũzr̃dr̃ � 1/2, and the dimensionless mean velocity is given

by

u�̃ �
1

1 � K�a2 � 1�
(13)

This result is independent of the velocity profile in the tube.
The z̃* dependency of Eqs. 10 and 11 can be satisfied by letting
C̃1 � B(r̃)(�C̃0/� z̃*) and C̃t1 � Bt(r̃)(�C̃0/� z̃*), where B and
Bt are functions of r̃. B and Bt can be determined by substitut-
ing the assumed expressions for C̃1 and C̃t1 into Eqs. 10 and 11
and solving the resulting equations for B and Bt using the
appropriate boundary conditions. The resulting expressions for
B and Bt are

B � �
Pe r̃4

8
�

Pe

2 �1 �
1

2 � 1

1 � K�a2 � 1���r̃2 � c1 (14)

Figure 2. A pulse of solute is introduced at z � 0 and
then disperses at it travels down the length of
the tube.
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Bt � PeK
D

Dt
��

r̃2

4�1 � K�a2 � 1��
�

Ka4 � �1 � K�a2

2�1 � K�a2 � 1��2ln�r̃��
� c2 (15)

where c1 and c2 are constants. Applying the boundary condition
that ��B/�r̃ � Bi(KB � Bt) at r̃ � 1, we obtain the following
relationship between the two constants:

c2 �

PeK�3K�a2 � 1� � 2�Dt

D��1

� 1�
8�1 � K�a2 � 1��

�
PeK�a2 � 1�

2Bi�1 � K�a2 � 1��
� Kc1 (16)

The two constants c1 and c2 cannot be determined from the last
boundary condition (C̃1 � KC̃t1 at r̃ � 1) because the choice
of mean velocity ensures that it is already satisfied; however,
separate values of c1 and c2 are not needed for the calculation
of D*. If desired, c1 and c2 can be determined by using a
normalizing condition �0

1 C1r̃dr � �1
a Ct1r̃dr � 0, which is

equivalent to stating that the total mass in the system at O(�)

should be zero because the incoming and the outgoing masses
at the boundaries are exactly O(1).

● O(1)

To O(1) Eqs. 4 and 5 become
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We substitute for C̃1 in terms of B, for C̃t1 in terms of Bt, and
for C̃t0 as KC̃0. Next, we multiply both equations byr̃, integrate
Eq. 17 from r̃ � 0 to r̃ � 1, and integrate Eq. 18 from r̃ � 1
to r̃ � a. Adding the integrated Eqs. 17 and 18 gives

�C̃0

� t̃
� D̃*

�2C̃0

� z̃*2 (19)

where the mean dimensionless dispersion coefficients D̃*, for
Poiseuille flow (D̃*po) and plug flow (D̃*pl), are given by
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The above results agree with the results of Aris for Poiseuille
flow5 and that of Levitt for plug flow.7

Large Interfacial Mass-Transfer Resistance: O(�) Bi. We
now solve the problem for solutes that have a large interfacial

mass-transfer resistance, where Bi � �Bĩ. In this case the
timescale for transport across the tube–annulus interface (R/�)
is much slower than the timescale for lateral diffusion (R2/D)
but is still faster than the axial diffusion timescale (L2/D).

Accordingly, at the shortest timescale of R2/D, the tube and the
annulus are not expected to be in equilibrium, and the inter-
mediate timescale of R/� must be introduced into the problem.
We do this assuming the concentration in the tube and the
annulus are functions of t̃s � �t/R, t̃l � Dt/L2, r̃ � r/R, and z̃
� z/L. It is noted that this problem is solved in a stationary
reference frame. Given that C̃ � C̃(t̃s, t̃l, z̃, r̃) and C̃t � C̃t(t̃s,
t̃l, z̃, r̃), it follows that
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Thus, the dimensionless forms of the governing equations
Eqs. 1 and 2 are
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The dimensionless boundary conditions are
(1) �C̃/�r̃ � 0 at r̃ � 0

(2) ��C̃/�r̃ � �(Dt/D)(�C̃t/�r̃) � �Bĩ(KC̃ � C̃t) at r̃ � 1
(3) �C̃t/�r̃ � 0 at r̃ � a

A set of equations for various orders of � are obtained by
substituting the regular expansions of C̃ and C̃t into Eqs. 24
and 25 and applying the boundary conditions.

● O(1/�2)

To O(1/�2) Eqs. 24 and 25 are
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Equations 26 and 27 along with the boundary conditions yield
C̃t0 � C̃t0(t̃l, t̃s, z̃) and C̃0 � C̃0(t̃l, t̃s, z̃). This shows that,
similar to the small resistance case, the leading order concen-
trations in the tube and the annulus do not vary in the radial
direction; however, these concentrations are no longer in equi-
librium as they were in the O(1) Bi case.
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To O(1/�) Eqs. 24 and 25 are
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Averaging Eqs. 28 and 29 (that is, multiplying Eqs. 28 and
29 by r̃ and then integrating Eq. 28 from r̃ � 0 to r̃ � 1 and

Eq. 29 from r̃ � 1 to r̃ � a) and applying the boundary
conditions give the following expressions:
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Rearranging Eqs. 30 and 31 to eliminate �C̃0/� t̃s and �C̃t0/� t̃s

from Eqs. 28 and 29 gives
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Based on the above differential equations we postulate the
following form for C̃1 and C̃t1:
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(34)
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Substituting these postulated forms into Eqs. 32 and 33, we
obtain the following differential equations for B1, B2, and B2t:
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The boundary conditions are �B1/�r̃ � 0 at r̃ � 0, �B2/�r̃ � 0
at r̃ � 0, and �B2t/�r̃ � 0 at r̃ � a.

For Poiseuille flow ũz � �2r̃2 � 2. The above equations can
be integrated to give the following results:

B1 �
r̃2

4
�

r̃4

8
� �3 (39)

B2 �
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2
� �1 (40)
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To O(1) Eqs. 24 and 25 are
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Plugging in for �C̃1/� t̃s, �C̃1/� z̃, and �C̃t1/� t̃s, and applying
the boundary conditions, Eqs. 43 and 44 become
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� M1�KC̃0 � C̃t0�

�
Bĩ Pe

2 ��1 �
1

6� �C̃t0

� z̃
�

1

2

�C̃0

�t̃l

� 0 (45)

and

�
Dt

D

�a2 � 1�

2

�2C̃t0

� z̃2 �
Pe K Bĩ

6
�3�1 � 1�

�C̃0

� z̃

� M1�KC̃0 � C̃t0� �
�a2 � 1�

2

�C̃t0

�t̃l

� 0 (46)

where M1 is a constant given by

M1 �
Bĩ2

4 �K � �Dt

D��1 	4 ln�a� � 3
a4 � 4a2 � 1

�a2 � 1�2 � (47)

Recall, C̃0 and C̃t0 depend on two timescales, the shorter
timescale (ts) and the longer timescale (tl). We are now inter-
ested in combining the expressions for these two timescales to
obtain an expression that is valid at all times. We do this by
using Eqs. 22 and 23 to determine the derivatives of the leading
order concentrations with respect to the total timescale (t), that
is, �C̃0/�t and �C̃t0/�t. The expressions for �C̃0/� t̃s and �C̃t0/

� t̃s are found from Eqs. 30 and 31, and the expressions for
�C̃0/� t̃l and �C̃t0/� t̃l are found from Eqs. 45 and 46.

The expression for �C̃0/�t is

�C̃0

�t
�

D

L2 ��Pe2

48
� 1� �2C̃0

� z̃2 �
Bĩ K Pe

6

�C̃0

� z̃
� 2M1�KC̃0 � C̃t0�

� Bĩ Pe��1 �
1

6� �C̃t0

� z̃ � �
�

R ��2�KC̃0 � C̃t0� �
Pe

Bĩ

�C̃0

� z̃ �
(48)

Redimensionalization gives

�C0

�t
� � �Bĩ�K

6
� �u�� �C0

�z
� Pe���1 �

1

6
� �Ct0

�z

� D�Pe2

48
� 1� �2C0

�z2 � �2DM1

L2 �
2�

R
��KC0 � Ct0� (49)

The coefficient of �C0/�z in Eq. 49 simply reduces to ��u�
because � is a small parameter. Similarly, the coefficient of

�Ct0/�z can be written as �u�Bĩ�[�1 � (1/6)], which is a small
quantity and can be neglected. Additionally, the term 2DM1-/L

2

can be expressed as (M1�/Bĩ)(2�/R) and is therefore negligible
in comparison to 2�/R. The coefficient in front of (KC0 � Ct0)
can be reduced to �2�/R, and Eq. 49 becomes

�C0

�t
� �u�

�C0

� z
� D�1 �

Pe2

48 � �2C0

�z2 �
2�

R
�KC0 � Ct0� (50)

By a similar approach the equation for �Ct0/�t becomes

�Ct0

�t
� Dt

�2Ct0

� z2 �
2�

R�a2 � 1�
�KC0 � Ct0� (51)

The above derivation was for the case of Poiseuille flow. For
the case of plug flow and O(�) Bi, the average equations are the
same as Eqs. 50 and 51 except that in Eq. 50 the term Pe2/48
is eliminated.

Results and Discussion
Range of validity of the average equations

Because the average equations have been derived by using
regular expansion, it is clear that all the results are strictly valid
only if each of the dimensionless parameters is O(1), that is,
they should be much smaller than 1/� and much larger than �.
Furthermore, if any parameter becomes too small or too large,
it should be scaled by the appropriate order in �. To demon-
strate this, let us consider the case of a typical capillary with a
� value of 10�7 m/s. As noted by Tepper et al., the results of
Aris are no longer accurate for this value of �.6 The typical
capillary radius is about 5 	m and the typical capillary length
is about 1 mm. Thus, the value of � is about 5 � 10�3. Using
a value of 10�9 m2/s for D, a � value of 10�7 m/s corresponds
to a Bi value of 0.5 � 10�3, which is clearly O(�). Thus, it is
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clear that Aris’s results will not be valid for this value of �.
Instead the average equations for O(�) Bi that are derived
herein can be used to determine the concentration profiles.

Dispersion coefficient for large permeability: O(1) Bi

To investigate the dependency of D̃* on the parameters Pe,
Bi, K, a, and Dt/D, it is useful to separate D̃* into the contri-
butions from effective molecular diffusivity (D̃*0), from the
interfacial resistance to mass transfer (D̃*R), and from convec-
tion (Pe2D̃*c) as follows:

D̃* � D̃*0 � D̃*R � Pe2D̃*c (52)

We note that the expressions for D̃*0 and D̃*R are the same for
both Poiseuille flow and plug flow. The dimensionless quanti-
ties in Eq. 52 can be converted to the dimensional form by
multiplying them by D.

(1) Contribution to Dispersion from Molecular Diffusivity
(D̃*0). For both Poiseuille flow and plug flow, D̃*0 is given by

D̃*0 �
Dt

D
�

1 �
Dt

D

1 � K�a2 � 1�
(53)

As K(a2 � 1) approaches infinity, there is no annulus surround-
ing the tube, and D̃*0 will approach Dt/D. Alternatively, as K(a2

� 1) approaches 0, the tube is of a negligible size compared to
the annulus, and D̃*0 will approach 1. Thus, D*0, the dimen-
sional D̃*0 varies from D to Dt as K(a2 � 1) varies from 0 to
infinity.

(2) Contribution to Dispersion from Interfacial Resistance
(D̃*R). The dispersion caused by the interfacial resistance,
D̃*R, is given by

D̃*R �
K Pe2�a2 � 1�2

2Bi	1 � K�a2 � 1�
3 (54)

D̃*R is expected to depend only on the mean velocity, �u�, and
not on the velocity profile. To determine whether this is the

case, we obtain the dispersion coefficient for the same geom-
etry in the limiting case when both the fluid in the tube and the
solid annulus are radially well mixed. In this limit, the dimen-
sionless governing equations for the tube and the annulus are

�C̃

� t̃
�

Pe

�
�1 � u�̃�

�C̃

� z̃*
� �

2 Bi

�2 �KC̃ � C̃t� �
�2C̃

� z̃*2 (55)

and

�C̃t

� t̃
�

Pe

�
u�̃

�C̃t

� z̃*
�

2 Bi

�a2 � 1��2 �KC̃ � C̃t� �
Dt

D

�2C̃t

� z̃*2 (56)

The above equations are also solved by the regular expansion
method to different orders in � to determine the mean velocity
and the dispersion coefficient. The results to different orders
are

O��0�: C̃0 � C̃0� z̃, t̃� and C̃t,0 � C̃t,0� z̃, t̃�

O��1�: u�̃ �
1

1 � K�a2 � 1�
and

Pe
�C̃0

� z̃
� �2 Bi�KC̃1 � C̃t,1�

O��2�:
�C̃0

� t̃
� �D̃*R � D̃*0�

�2C̃

� z̃*2

Thus, the dispersion coefficient for the case of a radially well
mixed tube and annulus is simply the sum of the contributions
to dispersion from diffusion and interfacial mass-transfer re-
sistance. This shows that D̃*R is simply an additive term that
does not depend on the velocity profile.

(3) Contribution to Dispersion from Convection (D̃*c). D̃*c
is the only term that is affected by the velocity profile. For
Poiseuille flow it is given by

D̃*c �

�11K2 � �Dt

D��1

K	24 ln�a� � 18
�a4 � ��22K2 � K�24 �Dt

D��1

� 6��a2 � 11K2 � 6K��Dt

D��1

� 1� � 1

48	1 � K�a2 � 1�
3 (57)

Below we discuss the physical mechanisms that contribute to
D̃*c and the dependency of D̃*c on various parameters. These
discussions are limited to Poiseuille flow, although the differ-
ences in dispersion between the Poiseuille flow and the plug
flow are discussed later in the article.

Mechanism of Dispersion. The mechanism of dispersion
that leads to D̃*c for Poiseuille flow is illustrated in Figure 3.
Once a pulse of solute is introduced into the tube, it spreads
into the annulus (Figure 3a). The flow inside the tube then
stretches the pulse into a paraboloid, creating radial concentra-

tion gradients (Figure 3b). Accordingly, the solute diffuses from
the tube to the annulus at the front end of the pulse and from the
annulus to the tube at the back end. After neglecting interfacial
mass-transfer resistance, there are four timescales that are in-
volved in the process described above: (1) 
1, the timescale for
transfer of solute from the tube to the annulus at the front end of
the parabaloid; (2) 
2, the timescale for transfer of solute from the
annulus to the tube at the back end of the parabaloid; (3) 
3, the
timescale for radial diffusion within the tube; and (4) 
4, the
timescale for radial diffusion within the annulus.
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Each of the four timescales discussed above contributes to
the dispersion, and it is useful to determine their scalings.
Before we do this, let us point out that the dimensional con-
vective contribution to the dispersion coefficient is Pe2D̃*c,
which scales as l2/�t, where l is the axial distance traveled by
a pulse during �t, so that 1 � u� �t. It follows that

Pe2D*c 	 u�2�t �
�u�2

	1 � K�a2 � 1�
2 �t

Because, to leading order, the concentrations in the tube and
the annulus are in equilibrium, the appropriate �t is the time
needed to achieve equilibrium in the radial direction. This �t is
essentially the sum of the four timescales that are discussed
above. We now determine the scalings for each of these four
timescales for Poiseuille flow.

The timescales 
3 and 
4 are simply R2/D and [R2(a �
1)2]/Dt, respectively. To determine 
1, we first find the mass of
the solute that diffuses from the tube to the annulus at the front
end of the paraboloid. At the front end of the parabaloid, the
concentration in the annulus changes from approximately zero
to KC, where C is the concentration scale in the tube. Accord-
ingly, the mass transferred between the tube and annulus at the
front end of the parabaloid per unit length is KC�R2(a2 � 1).
The radial solute flux in the tube scales as DC/R, so the solute
transport in the tube per unit length is DC. 
1 is the ratio of
these two quantities, that is, [KR2(a2 � 1)]/D. To determine 
2,
we first find the mass that diffuses from the annulus to the tube
at the back end. Because the tube and the annulus are always in
equilibrium, this is equal to the mass that diffuses from the tube
to the annulus at the front end, KC�R2(a2 � 1). The diffusive
flux from the annulus to the tube scales as DtKC/[R(a � 1)].
Accordingly, the solute transport in the annulus per unit length
is DtKC/(a � 1). 
2 scales as the ratio of these two quantities,
[R2(a � 1)2(a � 1)]/Dt. The contribution to D*c from each of
the four timescales becomes amply evident in the asymptotic
expressions for D̃*c, which are found below.

Asymptotic Limits of D̃*c. The derivation above assumes
that all the dimensionless parameters (a, K, and Dt/D) are O(1)
quantities in �. �hus, in the asymptotic expansions of the
Poiseuille flow D̃*c below, the large and the small quantities are
supposed to be �1/� and ��, respectively. Below we obtain
the asymptotic expressions and also identify the timescale that
dominates the dispersion in each case.

The expression for D̃*c is linear in (Dt/D)�1, so the asymp-
totes for small and large values of Dt/D are obvious. As Dt/D
approaches 0, the dominant timescales are 
2 and 
4, which
contribute to the term proportional to Dt/D. For large Dt/D, the
dominant timescales are 
1 and 
3, which contribute to the term
independent of Dt/D.

In the limit of a approaching 1, the asymptotic result ob-
tained by expanding Eq. 57 is

lim
a31

D̃*c 

1

48
�

K�a � 1�

8
(58)

In the limit of K approaching 0, the asymptotic result obtained
by expanding Eq. 57 is

lim
K30

D̃*c 

1

48
� �1

2 �Dt

D��1�ln�a� �
3

4�a4

�
1

2 ��Dt

D��1

�
1

8�a2 �
1

8��Dt

D��1

�
1

2��K (59)

In both of the above cases the longest timescale is 
3, which
contributes to the leading order term for D̃*c in the above
expressions. This term is identical to the dispersion coefficient
for flow through a tube.5 Thus, the dispersion coefficient in our
system reduces to that for flow through a tube as the thickness
of the annulus (a � 1) or the partition coefficient (K) ap-
proaches zero. Equation 57 is valid only when K � [1/(a4ln
a)](Dt/D), so the region of validity becomes small as the value
of a increases.

For the limit of D̃*c as K approaches infinity, the longest
timescale is 
1. Because the mean velocity scales as 1/K and �t
scales as K, D̃*c scales as 1/K. The exact expression for D̃*c as
K approaches infinity is

lim
K3�

D̃*c 

11a4 � 22a2 � 11

48�a2 � 1�3K
(60)

As a becomes large, the mean velocity scales as 1/a2, and 
2 scales
as a3. The dispersion coefficient is thus expected to scale as 1/a;
however, the exact expansion shows that D̃*c scales as ln(a)/a2.

lim
a3�

D̃*c



1

48

11K2 � 24 �Dt

D��1

ln�a�K � 18 �Dt

D��1

K

K3a2 � O� 1

a4� (61)

The cylindrical curvature of the tube–annulus geometry was
neglected while determining the scalings and that may be the

Figure 3. (a) A pulse of solute is introduced into the tube,
which immediately spreads into the annular
region. (b) The pulse of solute acquires a par-
abolic shape as a result of convection inside
the tube and the solute diffuses as a result of
concentration gradients.
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reason for the disagreement between the scaling and the exact
expansion as a becomes large. To verify that neglect of the
cylindrical curvature led to this discrepancy, we find the dis-
persion coefficient for Poiseuille flow in the 2D equivalent of
core–annular flow, that is, 2D planar fluid flow in a channel of
height 2h surrounded by a solid of thickness (a � 1)h. We also
develop scalings and the exact solutions for this geometry.

Flow through a Channel. The results for flow through a
channel, neglecting interfacial mass-transfer resistance, are as
follows:

u�̃ �
1

1 � K�a � 1�
(62)

D̃* �
Dt

D
�

17Pe2 � 35
Dt

D
� 35

35	1 � K�a � 1�


�
Pe2

15

5
Dt

D
�a2 � 10a � 5� � 12

	1 � K�a � 1�
2

�
Pe2

3

Dt

D
��a2 � 2a � 1� � 1

	1 � K�a � 1�
3 (63)

The timescales for equilibration in the channel and in the sur-
rounding solid are 
3 � h2/D and 
4 � [(a � 1)2h2]Dt. For a
channel width W, the mass transferred per unit length is KC(a �
1)hW. The lateral flux in the solid scales as DC/h and, accordingly,
the solute transport per unit length is DC/hW. 
1 scales as the ratio
of these two quantities, K(a � 1)(h2/D). The mass that diffuses
from the annulus to the tube at the back end is equal to the mass
that diffuses from the tube to the annulus at the front end, and is
thus equal to KC(a � 1)hW. The diffusive flux from the annulus
to the tube scales as DtKC/[R(a � 1)]. Accordingly, the solute
transport per unit length is DtKC/(a � 1). 
2 scales as the ratio of
these two quantities, [(a � 1)2h2]/Dt. Thus, for the planar problem
both 
2 and 
4 are the same.

Similar to previous cases, the dispersion coefficient is linear
in (Dt/D)�1. As Dt/D approaches 0, the dominant timescales are

2 and 
4, and for large Dt/D, the dominant timescales are 
1

and 
3.
The asymptotic expressions of D̃*c for Poiseuille flow in this

geometry for large and small values of a and K are

lim
a31

D̃*c 

2

105
�

4K�a � 1�

35
(64)

lim
a3�

D̃*c 

�Dt

D��1

3K2 �

�Dt

D��1��
1

3K3 �
2�K � 1�

3K3 �
2

3K2 �
17

35K�
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(65)

lim
K30

D̃*c 
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105
� ��Dt

D��1�1

3
a3 � a2 � a �

1

3� �
4

35
a �

4

35�K

(66)

lim
K3�

D̃*c 

17

35�a � 1�K
(67)

As a approaches infinity the dominant timescale is 
2 and the
convective contribution to dispersion, D̃*c, scales as

u� 2
2 	
�a � 1�2h2

Dt

�u�2

	1 � K�a � 1�
2

	 D
�u�2h2

D2 �Dt

D��1 1

K2 	
D Pe2

K2 �Dt

D��1

This matches the asymptotic scaling given in Eq. 65. Similarly,
as a approaches 1, the dominant timescale is 
3 and

u� 2
3 	
h2

Dt

�u�2

	1 � K�a � 1�
2 	 D Pe2

which matches the asymptotic scaling given in Eq. 64. As K
approaches infinity, the dominant scale is 
1 and

u� 2
1 	
K�a � 1�h2

Dt

�u�2

	1 � K�a � 1�
2 	
D Pe2

K�a � 1�

which is the same as the asymptotic limit obtained in Eq. 67.
As K approaches zero, both 
3 and 
4 are of the same order;
however, 
4 does not contribute to dispersion because in this
limit, to leading order, no solute diffuses into the annulus.
Accordingly, only 
3 is the dominant timescale and

u� 2
3 	
h2

Dt

�u�2

	1 � K�a � 1�
2 	 D Pe2

which matches the asymptotic scaling from Eq. 66. It follows
that this simple scaling analysis can indeed predict the asymp-
totic forms of the dispersion coefficient; however, in the scal-
ing analysis for the cylindrical tube–annulus geometry, curva-
ture effects were neglected and that caused a discrepancy
between the scaling analysis and asymptotic expansion for D̃*c
in the limit of large a.

Dependency of D̃*c on Parameters. The dependency of D̃*c
on a, K, and Dt/D for the case of cylindrical Poiseuille flow
surrounded by the solid annulus is illustrated in Figures 4–6.
Figure 4 shows the dependency of D̃*c on a for four different
values of K. At a � 1, D̃*c goes to 1/48, as is expected from the
asymptotic results. Although not evident in the graph for all values
of K, D̃*c increases linearly with a slope of K/8 as a becomes �1.
As a becomes large, D̃*c decreases as ln(a)/a2. Accordingly, there
is a maximum value of D̃*c for an intermediate value of a, which
is larger for smaller K values. The values of a at which the
maxima are reached become smaller on increasing K. In fact for K
values of 10 and 100, the maxima are not evident in the figure
because they occur at very small a values.

Figure 5 shows the dependency of D̃*c on K for different
values of Dt/D. These curves show the linear dependency of D̃*c
for small K values and the 1/K dependency for large K values,
as evident by slopes of 1 and �1, respectively, on the log–log
plot. The region of linear behavior in the small K regime is
restricted to very small K values for Dt/D values of 10 and 100,
and accordingly the linear regime is not visible in the figure for
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these two cases. It is noted that our analysis is strictly valid for
D̃*c values that are O(1) in �. Thus, in the small K and large a
regimes, the trends shown in Figures 4 and 5 are valid only for
long tubes, which correspond to very small � values. As ex-
pected, D̃*c approaches 1/48 as K approaches 0.

Figure 6 illustrates the behavior of D̃*c as a function of Dt/D for
three different values of a. D̃*c behaves as (Dt/D)�1 in the small
Dt/D regime, as evident by a slope of �1 on the log–log plot and
approaches a constant value as Dt/D approaches infinity.

Effect of Velocity Profile in the Tube on Dispersion. The
difference between the dispersion coefficients for Poiseuille
flow (Eq. 20) and plug flow (Eq. 21) is given by

D̃*po � D̃*pl �
Pe2	1 � 5K�a2 � 1�


48	1 � K�a2 � 1�
2 (68)

Interestingly, the difference is independent of the solute’s dif-
fusivity in the annulus. Each of the four timescales discussed
above for Poiseuille flow is also pertinent to plug flow. Thus,

qualitatively, the dependency of D̃* on various parameters for
plug flow is similar to that for Poiseuille flow. The ratio of the
convective contribution of D̃*pl (denoted D̃*c pl) to the convec-
tive contribution of D̃*po (denoted D̃*c po) is shown as a function
of a in Figure 7. This ratio is zero for a � 1 because there is
no convective contribution to dispersion for plug flow in this
limit. The ratio then increases with increasing a and levels off
at values that range from about 0.5 to 1 for a wide range of K.
The value of the ratio at large a varies inversely with K.

Dispersion coefficient for small permeability: O(�) Bi

The expressions for the dispersion coefficient given by Eqs.
20 and 21 become unbounded as Bi approaches zero. This is
clearly an incorrect result because, as the interfacial mass-
transfer resistance approaches infinity, the mass-transfer prob-
lem should reduce to the classical problem of Taylor dispersion
in a tube. This suggests that Eqs. 20 and 21 are not uniformly
valid. On scaling Bi as O(�), the average equations reduce to Eqs.
50 and 51, which represent a set of two coupled partial differential

Figure 4. D̃*c for Poiseuille flow vs. aa for different K val-
ues where Dt/D � 0.1.

Figure 5. D̃*c for Poiseuille flow vs. K for different Dt/D
values where aa � 5.

Figure 6. D̃*c for Poiseuille flow vs. D/Dt for different aa
values where K � 5.

Figure 7. Ratio of D̃*c for plug and Poiseuille flow vs. aa for
different K values where D/Dt � 10.
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equations. The equation for the tube essentially becomes identical
to flow through a tube with a source term that accounts for the
mass loss to the annulus. The annulus equation is similar except
that there is no effect of convection. Also, on taking the limit as Bi
goes to zero, the tube equation correctly becomes identical to the
problem of flow through a tube.

The set of coupled equations can be combined to yield the
following differential equation for the tube concentration:

R

2�

�2C0

�t2 � �K �
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�a2 � 1���C0

�t
�
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�z2

�Co

�t
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�u�R

2�
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�z
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�t
� �

DtDR

2� �1 �
Pe2

48 ��4C0

�z4

�
Dt�u�R

2�

�3C0

�z3 � �KDt �
D

�a2 � 1��1 �
Pe2

48 ��
�2C0

�z2 �
�u�

�a2 � 1�

�Co

�z
(69)

Following the approach of Subramanian and Gill,4 we use the
following expansion:

�C0

�t
� �1

�C0

� z
� �2

�2C0

� z2 � �3

�3C0

� z3 � · · · (70)

By substituting the above expansion in Eq. 69, the various
coefficients can be determined. The resulting expressions for
these coefficients are:

�1 � �
�u�

1 � K�a2 � 1�
(71)

�2 �

D�1 �
Pe2

48 � � KDt�a
2 � 1�

	1 � K�a2 � 1�

�

K Pe2D�a2 � 1�2

2 Bi	1 � K�a2 � 1�
3

(72)

�3 �
Pe3KRD�a2 � 1�3

4 Bi2�1 � K�a2 � 1��5�1 � K�a2 � 1��

�
PeR�a2 � 1�

2Bi
�2D�1 �

Pe2

48 � � KDt�a
2 � 1�

�1 � K�a2 � 1��3

�

2D�1 �
Pe2

48 �
�1 � K�a2 � 1��2 �

Dt

�1�K�a2�1��
(73)

As is shown by the equations, �1 is independent of Bi and is
simply the mean velocity of the solute for the case of O(1) Bi.
Also �2 can be interpreted as the dispersion coefficient and the
contribution to dispersion from axial diffusion (D*0) and from
the interfacial resistance (D*R) are identical to those for the case
of O(1) Bi. However, �2 and �3 behave as 1/Bi and 1/Bi2,
respectively. Thus, the contribution from the higher order terms
is very large at small Bi. This shows that series given by Eq. 70

does not converge for O(�) Bi. The average equations cannot
be expressed as a single convection–dispersion equation, and
Eqs. 50 and 51 need to be solved simultaneously to predict the
average concentration profiles in the tube and the annulus.

Applications to Transport in Tissues

Exchange of nutrients, drugs, and other solutes between
vascular and tissue regions occurs in the capillaries by transport
across the capillary wall. In most capillary-transport models it
is commonly assumed that each capillary supplies nutrients to
an annular tissue region around the capillary, referred to as the
Krogh tissue cylinder.8-10 As noted by a number of researchers
(Tepper et al.,6 Levitt,7 and others), the problem explored in
this paper can be thought of as a blood capillary surrounded by
a Krogh tissue cylinder. Our model is thus of relevance for
understanding and quantifying dispersion of solutes in the
capillary blood vessels, which is important in the fields of
physiology, toxicology, and pharmacokinetics.

Although the geometry of our model mimics the Krogh tissue
cylinder, a number of our assumptions are not consistent with the
physiological conditions in the capillaries. It is well known that
blood is a non-Newtonian fluid and that the blood flow through the
blood vessels is best described by a Casson fluid model.11 The
velocity profiles (Poiseuille and plug) used in our model do not
accurately represent the blood flow in the capillaries. In blood flow
through the capillary, the tube diameter is smaller than the size of
the red blood cells (RBCs). Consequently, the RBCs must deform
to flow through the capillaries. Plasma fills the space between
successive RBCs, and there is an extremely thin layer of plasma
between the RBCs and the capillary wall. Blood flow inside the
capillaries is similar to plug flow; however, the region between
successive RBCs is kept well mixed by a pair of counterrotating
vortices that convect with the flow.11-13 Aside from the velocity
profiles, there are a number of other important issues that have
been neglected from our model, such as convective flow of blood
into the tissue (filtration), geometric factors (such as variations in
capillary length and diameter), protein binding, and consumption
of solutes by reactions. Thus, our model cannot be directly applied
to quantify dispersion in the tissues; however, it elucidates some
of the important mechanisms that lead to dispersion. Our current
model may be more valid to assess dispersion in isolated organ
experiments, in which a buffer solution may be used in place of
blood.14-17 In such a case, RBCs are not present, and thus the fluid
velocity profile is expected to be Poiseuille.

Although, for the reasons mentioned above, our model predic-
tions are not expected to match the experimentally measured
values of dispersion coefficients in the capillaries of tissues, it is
nonetheless useful to make such a comparison. This allows us to
gauge the importance of the proposed mechanisms in causing
dispersion in the capillaries. Below we compare the calculated
dispersion coefficients for both Poiseuille flow and plug flow for
the O(1) Bi case, neglecting interfacial mass-transfer resistance,
with those experimentally determined in animal tissues.

Comparison of D̃* Values with Experimental
Values

Oliver et al. included dispersion in a whole-body pharmacoki-
netic model, in which they characterize the dispersion in the
tissues by a parameter DN.18 They reviewed a number of experi-
mental studies and determined DN for the drug cyclosporine in a
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250 g rat. We neglect capillary wall resistance and calculate D̃*
for cyclosporine in a rat from Eqs. 20 and 21. These values are
then compared to those determined by Oliver et al. Although
values of the flow rates (Q), tissue volumes (V), and partition
coefficients (K) for cyclosporine in a rat are given in the litera-
ture,18 the values of parameters a, D, Dt, R, and L are not. We
therefore assume L to be 0.3 mm19 and Dt/D to be 0.1 in all
tissues.20 Calculation of D̃* requires determination of Pe and thus
�u� for each tissue. The following equation is used to determine
�u�:

Q � �R2�u�nc (74)

The volumetric flow rate of blood exiting each tissue (Q), a
known parameter, is assumed to be equal to the product of the
area of a single capillary (�R2), �u�, and the number of capil-
laries in the tissue (nc). The number of capillaries in the tissue
is found by setting the total volume of the tissue compartment
(V) equal to the sum of the volume of the capillaries in that
tissue (Vc) and the volume of tissue space in that compartment
(Vt). This results in the following equations:

V � Vt � Vc � nc��a2R2L � �R2L�

� nc�aR2L � nc�a2R2L (75)

nc �
V

�a2R2L
(76)

By combining Eqs. 76 and 74, �u� is found for each tissue
according to the following equation:

�u� �
Qa2L

V
(77)

The parameters a and R were calculated for each tissue from
experimentally determined values of capillary number density
(nc/A) and capillary surface area to tissue volume ratio (Sc/V)21

according to the following equations:

R �
1

2�

Sc

V
(78)

a �
1

R �1

� �nc

A�
�1

(79)

These calculated values are used in Eqs. 20 and 21 to find D̃* for
Poiseuille flow and plug flow. For tissues in which nc/A and Sc/V data
were not available, a was assumed to be 10 and R was assumed to be
5 	m. Because the DN value proposed by Oliver et al. was dedimen-
sionalized differently than our D̃*, we use the following relationship
to make the comparison with our calculated D̃*:

D*N �
DD̃*VK

L2Q
(80)

To avoid confusion, we have designated our comparable
calculated dispersion number as D*N, which will be compared
to the experimental DN values for each tissue. The calculated
D*N values (for both Poiseuille flow and plug flow) and the
experimentally measured DN values are shown in Table 1 ,
along with the K, V, Q, a, and R values. In most tissues, the
model predictions are of the same order as the experimental
values, suggesting that the mechanism of dispersion proposed
herein may be important in tissues. The Krogh cylinder model
is expected to most closely resemble the actual physiology of
the muscle,9 and the agreement is the best for this tissue.

Conclusions

The dispersion of a solute in a core–annular flow with a solid
annulus has been studied for both Poiseuille flow and plug flow
for small and large interfacial mass-transfer resistances. The
dispersion coefficient for small resistance is the sum of contri-
butions from axial diffusion, interfacial mass-transfer resis-
tance, and convection. The contribution from interfacial mass-
transfer resistance is independent of the fluid velocity profile.
The convective contribution to dispersion arises from four
different mechanisms which can be expressed in terms of four
timescales: (1) 
1, the timescale for transfer of solute from the
tube to the annulus at the front end of the solute pulse, (2) 
2,
the timescale for transfer of solute from the annulus to the tube
at the back end of the solute pulse, (3) 
3, the timescale for
radial diffusion within the tube, and (4) 
4, the timescale for
radial diffusion within the annulus. For the cases of vanishing
annulus thickness and small solute solubility in the annulus, the
dispersion coefficient becomes the limit of that for flow
through a tube. The dispersion coefficients are similar for the
cases of Poiseuille flow and plug flow, but the difference
between these two dispersion coefficients is larger for a thin
annulus. For the case of large interfacial mass-transfer resis-
tance, the average equations cannot be expressed as the con-

Table 1. Comparison of Tissue Dispersion Numbers Predicted from Our Model to Experimentally Determined Values for
Cyclosporine in a Rat

Tissue K‡ Q‡ (mL/min) V‡ (mL) a R (	m) DN**

D*N
Poiseuille Flow Plug Flow

Lungs 5.70 44.50 1.60 10.00 5.00 0.60 1.91 1.79
Muscle 1.30 6.80 125.60 3.06† 3.61† 3.00 2.80 1.96
Skin 3.90 4.50 43.80 10.00 5.00 12.00 2.60 2.60
Adipose 13.90 1.80 10.00 11.28† 3.02† 12.00 5.18 5.28
Kidney 7.43 14.27 2.00 2.80† 3.01† 0.48 0.09 0.09
Liver 12.43 14.70 11.00 3.03† 2.87† 0.60 0.68 0.68

Dt/D � 0.1, L � 0.3 mm, D � 10�9 m2/s.
‡From Oliver et al.18

†Calculated using information from Altman.22
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vection–diffusion equation. The results of this study are of
relevance to dispersion in tissues, where the mechanisms pro-
posed in this paper can augment the dispersion of solutes. The
calculated values of dispersion coefficients for certain tissues
are of the same order of magnitude as the experimentally
determined values. This suggests that the proposed mechanism
for dispersion is relevant to solute transport in capillaries.
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Notation

a � parameter that describes the radius of the combined tube and
surrounding annulus

Bi � Biot number, dimensionless mass-transfer coefficient, �R/D

Bĩ � scaled Biot number, �L/D
C � total solute concentration in the tube

C* � reference drug concentration
Ct � solute concentration in the annulus
C̃ � dimensionless solute concentration in the tube
C̃t � dimensionless solute concentration inside the annulus
D � solute diffusion coefficient in the tube

D* � dispersion coefficient in the tube
Dt � diffusion coefficient within the annulus

DN � Oliver et al.’s dispersion number for a specific tissue
D*N � calculated dispersion number for a specific tissue used for com-

parison with Oliver et al.’s dispersion number
D̃* � dimensionless dispersion coefficient
D̃*0 � contribution of the effective molecular diffusivity to dispersion

D̃*po � dimensionless dispersion coefficient for Poiseuille flow
D̃*pl � dimensionless dispersion coefficient for plug flow
D̃*c � part of the contribution of convection to dispersion (dimensionless)

D̃*c po � convective contribution to dispersion for Poiseuille flow (dimen-
sionless)

D̃*c pl � convective contribution to dispersion for plug flow (dimensionless)
D̃*R � contributions of the interfacial resistance to mass transfer to

dispersion (dimensionless)
K � solute’s tube:annulus partition coefficient
L � length of the tube

nc/A � capillary number density
Pe � Peclet number, �u�R/D

r � radial coordinate
r̃ � dimensionless radial coordinate

Q � flow rate of blood leaving the tissue
R � radius of the tube
t � time
t̃ � dimensionless time

t̃s � dimensionless timescale for transport across the capillary wall
t̃l � dimensionless timescale for axial diffusion

uz � velocity of fluid in the tube in the z-direction
u� � mean velocity of a pulse of solute in the tube
u�̃ � dimensionless mean velocity of a pulse of solute in the tube

�u� � average velocity of fluid in the tube
ũz � dimensionless velocity of fluid in the z-direction

Sc/V � capillary surface area to tissue volume ratio
V � volume of the tissue
z � axial coordinate

z* � axial coordinate in the moving reference frame
z̃* � dimensionless axial coordinate in the moving reference frame

Greek letters

� � small dimensionless perturbation parameter, R/L
� � mass-transfer resistance to solute transport at the tube–annulus

interface

1 � timescale for transfer of solute from the tube to the annulus at the

front end of the parabaloid

2 � timescale for transfer of solute from the annulus to the tube at the

back end of the parabaloid

3 � timescale for radial diffusion within the tube

4 � timescale for radial diffusion within the annulus
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